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iNF LUENC E OF AXIAL ENERGY SPREAD ON THE NEGAT IVE—MASS 1N STARI L ITY

IN A RE LATIVISTIC N0NNEIrrRAL F-LAYER

liwan— sup tJhm
Depar tment  of rhys i ’ s  and A st ronomy

U n i v e r s i t y  of Maryland , F o h i e g e  Park , Mary land  20742

an I

Ronald C . I)av ldson *
D l v i  s ion of Magnet ic  Fusion Energy

Energy Research and Development Administrat ion
Washington. I) . C. 2OS4~

Tb is pape r Inves t I ga tes  the ’ in Ii ueiwe ot an ax ia l  energy spread on

the negative—mass ins t abil ity in a relativisti c nonneutral F—layer ali gned

parallel t o  . u n i f o r m  axial magnetic field 
~~~~ 

The stability analysis

is car r ied  out within the framework of the linearized Vlasov—Maxwel 1

equat ions .  i t  is assumed tha t  the  F— l ayer is thin with radial t hickness

(2a) much smaller than the  mean rad i us (R0
), and tha t  v /y 0<<l , where v

is hludke ’r ’a parameter and -~0mc is the mean e l ect r o n  energy . Stab i l i ty

propert I e~ •r e  invest  I gat ed I o i t he’ choice of c [cc t ron d 1st rihut ton

‘fu n c t  ton In which ~i I elect  reins h ,eve’ t he  same’ value of canonical a n g u lar

momentum (P~ P() c ens t . ) anti .t st ep— f unc’ t I on d 1st r [hut ion in ax i a I momen-

tum p . The ne~at lye—mass cr owth  rate ’ is c a l c u l a t e d  inc1udin~ t h e’
z

imp or t an t  stah l h i  Inc t n t  I nence of a x i a l  energy spread ( M~ , and i t  I s

shown t hat  .i mode’s t energy spread ( •W /y
1
me- a I ow pet- con ’ H sei I I —

e tent to  s tab  11 ize p er t  cirbat it i n s  w i t h  f l X  I a I wav,’niimber sat Is fv  ing

k’R~~ l.

COn I cave ot absent o f rom t lit’ Un I ye ~-s I t  y o I M ary L and , Ce’ ii ego Pa ik M~t
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I. INTRODUCTION

In recent years , the properties of relativistic electron rings and

E—layers, contained in a mirror or uniform magnetic field, have been

studied experimentally in connection with plasma confinement schemes

such as Astron”2, single—stage magnetic mirrors3’4, and electron ring

accelerators5~~
1
. One of the most basic instabilities that character-

izes relativistic electron rings and E—layers is the negative—mass

instability
816

. The influence of a spread in canonical angular

tum on this instability has been extensively investigated in the liter-

ature12’14”6 . The present paper examines the equilibrium and negative—mass

stability properties of a relativistic nonneutral E—layer within frame-

work of the linearized Vlasov—Maxwell equations17, including the impor-

tant influence of an axial energy spread. Recent experimental observa-

tions
8 
indicate that perturbations with finite axial wavenumber are

significantly stabilized by a small axiz.l energy spread.

The present analysis is carried out for an infinitely long E—layer

aligned parallel to a uniform magnetic field B0 ~~ 
[Fig. 1]. Equili-

brium and stability properties are calculated for the specific choice

of electron distribution function [Eq. (8)3.

n R  2
f
~

(H,P
0
,P
~
) = 1/2 ~~~~~~~~~~~ 2 1/22ir A ( 2y

0
m) (ymc —U)

where H is the energy, P
0 
is the canonical angular momentum, is the

axial momentum, •(x) is the Reaviside step function , U~H+e40—p~ /2y0m is an

effective energy variable, and n0, R0, A , y0, ~ and are constants.

Equilibrium properties are examined in Section II .  One of the important

features of the equilibrium analysis is that the equilibrium distribution



funct ion in Eq. ( 8) corresponds to a sharp—houndarv den sity profil e

with  un i fo rm axial  t e m per at u r e  (Fi~~. 2) . S t a hl  l i t  v p r o p e r t i e s  ar e

Inves t i gated in Sec tions  I I I  and IV , inc l u d i n g  t h e  im p o r t an t  i n f l uen c e ’

of an axial energy ~;prend . The s t a b i l i t y  ana l vs is  is  f e i l  lv elect ro—

magnetic and asa unit’s t hat the’ pos i t  tvc’ I ens can he’ t r eat  et as a I I xe ’d

bac kground (m 1 i.’-) on t he I Inc Se ’ ,e i t’s et  In C or e ’s t

in t r o d uc i n g  the ge’omet n c  f ac t or g I E q.  ( 4’~) I wh I cli Is a t r a n s e t ’n —

dental fune ’t 1o~i ol the’ eige ’nfrequency w and axial ~s-v c m n i~ht ’i k , ~ e’ t h t  a In

the  dispersi on relation [Eq . (r ,b)  1

2 
~ 

gt~ -, ., .,

( w — Rw )~ — 
t 

-, 

V C 
(t i~ 

- —k’R~) — 2k ’ R~C -~~~i y  0 0 ()
1(
0 L ~ ‘y

0
mt

h ero ~i is Rudke ’ r ‘ S parame t t’r , AE .\
‘ / _ ‘i~ )P is the’ a~~ia 1 energy spread

is the azinn i tii.i 1 harmo n Ic  number , o~~ elt
0

/y
0
nic I s t h e  C I oct ron eve’ lot  ron

f requency , and ~i~~w / o ’ — l/y 0 Is del m e d  In Eq. ( 5 1)  . A do t a i l ed t inne r—

leal analv a is of the  dispersion i e ~ ta t ion [Eq . I. ~it ~ I I is ca r r i ed  out in

Section IV.  I t  is fo und tha t  t h e  ax I .tl energy sp i c-ad (A E )  has .e st rong

stabi l iz ing inf luen c e on the negat ly e—ma ss  Ins t  ,ibl i i  ty  . p ar t  i c u l a r i  v

when the pert  urhat  ions have sut  f I ~ lent I v I arge’ ax  I a I vavonennb er  w i t  h

k~R~~l (Sec. IV).

As a check on t he’ d ispers ion  re ’ I at  I tin g I von in  Eq .  (Sb I , i t  i~

Inst ru e’t lye to cotis icier the l i m i t  ot .tn n I t  r at - c’ 1 at I ~ I~; t i c ’ 
~ o>> 1)

1nfiniti~~tmal1y thin  (a/R0-~~) E— Ia~’t’i , w ith ne’g l lg i h l v  sina I I c’quhi i b r t e i m

self fields (I’~~ 
1) and ax i a l  energy spread AE ” 0)  . 1 n t h i s  case ’, Eel . ( ~~

can be expressed as

(w— Q ui ,) ’  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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which is identic al to the result obtained by Briggs and N e t 1~~ wi th in

the framework of a macroscopic sheet model.

I

- ~~— .& - -
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I i  . Ft~t~ 11,1 PiR t i M  TI 1FORI

As Il lust rat eel in Fig . I • h.’ equt 1 t h t  I t i n  s t ’ t I  I I e~t I I  ‘ i t  ( o t t  ~‘ot t ’ . 1st

of a ri’Iat Iv is t Ic nonneut  ral F— layer that Is  t o t  In I t  c to  ,\ t a t  cxl  i - n t

and at i gneel par t Il oh t o  a on I t erni :ippl I ~‘d in ,ii~i~e’C It’ I t eld li~~~ i’ ,

mean radius and rad t a t  t hi i~’knes~ o I t h e  1 - I , i v  i’ t  a t -  - h ’i io t  cci I ’v

and 2 8, respect lvi’ iv The mean met Ion  o t  t lit’ I 
- I a r c  t I I i i  lie ’ a: ( met C i. , I

di roe t i~ ’n , and t he ’ app I i  i ’d magne’ Ic  I to hi 
~ 

1ev 1 tIC ’S I .icI I.i I ~~et i  I i %ie ’rne’tit

of th e’ ci oct rons . :iS shown in F 1g. 1 , t V  I I ndi - tea I ~~c’ I . :  e~’ t ~I I n a t  e ‘ -

r • , : are ’ I u t  rt ’dtit ’ecl . t he t o i l  ow t ui ~ a t - i ’ the’ ma In assttni i’ I I

pe ’t t a In ing to the ’ e’qu ii IL’ t t urn c e nt  I gu ra t  ~~~~

(a E q u i l I b r i u m  pi-ere’r t it ’S a t e ’ I nttepe ’nde’nt o I .~ -~ 0~ , i tuI

.1.’ limit hal  iv svmme t r ie~ -~ ~ t )I  . iheut  t h e ’ . — i x  i s .

hI The ’ flt ’S i t  l v i ’ tens I em an i nini.’h’ i i  e ~ fli
1 

“‘-i , ‘ i i  t I . t l  i v  i u ’ t i t  i , i t  I .’ I

back groun d . I t  Is :15 seined t bat  t lie ’ (‘Cl c u l l  t l ~ t I c iu t i  lo ut det is  i t  ~ n~ t

t , i t i hi’ t ’X p u e ’ s  si ’~I . iM

0 0

whem~ I ~~C’0flSt . Is t h e ’ I r .u- t t o n a l  char go t ie t i t  u a!  I .‘ at  I en . atic i ~~ r I
0 1’

Is t i~~~~ le ’i’t ron delis  I t  ~
‘

el The spci ’a~I iii t ad l i t  i t id  ax  I , i I  im’ntt ’n t uni ~‘t (lie ’ i - I  cc ’ I t ~‘us I c

sma 1 I In ~‘eimpar I son w i t  Ii I h i. ’ mi’.iti a Intel h t . i  I tm ’unen t urn , I . c . ,

a 1 
~~

. ‘‘

R ,~ i 1mc

vhe ’re .\ Is  I t ie ’ e’ ha i .i .  i-i  1st I t ’ s~’ 
i-~~ id In  cx i t t  m~’me ’u C urn • 0 

is  ( h i , ’

a: l imit  h at  ~~~~~~ t o n  en,~t gV ,t t  i “ R , ,en~j t h e ’ t i . e I  I i i i  t , k n e ’cs , t

mel ~~t e’d t ~ t h e ’ cj ’ t- , ’ .*.l i n  t a d  t a t  um~mt ’nt urn t ’~ l-q  . I S~

_ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(d) The el e’ctron met ion is g e n e r a l ly  r el at iv 1st Ic ’, and t u i e ’ me’all

equilibrium motion of the E—laver Is in the a z i m u t h a l  d i re ct  Ion , i . e .

J d 3p f0(~~~) n0( r ) \ ~~(r )~~ ‘ L
where V~( rI is the moan azimuthal Vt’~ eel  tv  ot en e’ 1 oct  ron f l u I d  ci e’me’nt

and e~ is a on I t v ~‘ c tot  in t lit’ t~ — d I r ec t I on

(e) It Is t u r t h o r  assumed tha t

-~~~ 1 , ( 1 )

whe’re ~— N c  /Tht’~ is Budke’i- ‘s paramt’t or ,

R 

0N , — 2-i~ clv i.n , t r ~ ( - 4 )

is the number et e lee t tons per unit ax  ( a t  engt ii o t t he  i — I  av c’ I,

e t s the’ spe’e’d tit 1 ight in \ ‘acne , c’ :iitd Th ~li  e t lit ’ Cii~irge ’ and r est

m.iss , r es pec t  lvi’ Iv , of an i’ le’e t ron. in  I~q~ (‘~ , and R d t ’uot t’ t he’

i n n e r  and o u ter  r a d i i , rc’spec ’t ivt ’l v , el  the E— lavor .

l en t ra I to  a dose r I p t I on e t  st  ad ~
- — st a t e ’  I’ I , i  S O V  eq n it 1 hr I a .e re

h~’ single—part Ic 1 e cons t an t s  of t h e ’ met ion  in  t h e ’ t ’qtl i i  I Ii r m m  I I ‘ I d

~‘on1 I geu r ;u t  ion . For c: (nut halt v svflmio t n t ’ e’qu i i i  h r  I a w i t  Ii ? /~ ;‘~ 0 ,
I

t tie’ ~~ . m e ’ t1ir ’~’ sIng 1 i ’— p a r t  It ’ I t ’ co n st an t s  of the’ met Ion . (‘hose ’ a rc

the ’ t ot  .11 energy ii ,

H ~~~~~~~~~~~~~~~~~~~~~~~ ,

ho can on t e a l  ~engu l at’ nximent m u  1’~ ,

— n ( p — ( - )A
1~(rI ,

and t he  a x i  ,i I e:inoii I e,u I mem.’n t turn 1’

- 

_:_•L 
__

_ 1-~~~-~~~ 
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— P . ‘

whe n ’  Usc ’ has ht ’eti made’ ~‘t assuunp t ion (d) • In  Eqs . ( 5)— i) • I ow, , r

ca’~ o dene t i ’S me’chan i ~- .e I mome’nt t i m , ~ 0(r) 
is t h e  e l e c t  re’s at  ~

p ot e n t  i .e 1 t or t h e  opt I I I hr  (urn rad t a t  s e l f — e l  ,- ct  t i c  f i e l d  r )~~

— .
~ 
,
~~~ 

/~ r I , and ml I ’ : t h e  ‘~ —~ empone’nt ct  t h e ’ e’ t I  ii i br  ion  v t - c t  or

p o t e n t t . e l  [B ( r~ 
1 (~ t r ~~~rt\~l I .  Any d e s t  r i h u t i e n  fecuct ion  t t i  i t  i s

a one t l o t :  ot t  l v  o f t ih  lug 1 c— p a r t  t e l  i - onst c u t  s of h it ’ met c en ~~et i ~ I t c’s

the st ,-e d ~- --st a t e  V l a s o v  l u _ c t t t ’i i . Feir prose- nt pttrpetsi -s . Wi con - (dci

th e ,  e’qu I 1 ihi turn d 1st r i hu t  ion f L i f l t ’ t ion

t 0 (H ,P~ .P~~) - - - - 
0 0  

~ ~~ P 1 )*(~~ —

I

- i

•(l nte ’—I’l

(1 mite -I T ) I .~

where’ ~ C 1’e i-out dens i t  V ct t- -—R0 .1 I’
~ 

and i are’ eons t . i i i t s  , .iI ) cl

•(x)  i s  t tie Hea~’ i s  ide st , p fun e t  ion eli ’f in~’d by

t o  , X’- I ~
i ,

x-’Ll .

In Eq. (8) , t h e ’ cii,  r g~ v e r lab le  1 i s  ~lcf i ned l’s’

l~~H+t~~0 — p ’ .“~0m •

whe ’ t o  
~ 

is t ho ele c t  t ~‘st  at i t ’ I’ ‘~ e’nt t a t  at t h e  me’,et t’~e~i i ’ s  ~ ,, t e .

No t e’ that 1 is ,e single—part t e l i ’ ~‘ ‘w - t , un t  of t u t m ’ t  t o - :

51 flee it is  COnS t F L u e  t ” d  (rem a 1 m e ’  it  comb I oat  i cii ~~t Ii .e ’ sl p .

For a hi t o  F — l i v  - t  oq o i l  1h ’ t - m cons I s  t i t t  w i t  h l q .

the e’nergv ~‘~er  I at’ e’ 1 cie’f ine ’d itt h”q . I i0~ c m  he’ ~i p p t ’x I m e  -d ~~~

( w i t  p~~~ ’~~rn ’t l

k- I 
- -‘~~~~~~~~~~~~~~~~~ ---- ~~~~~~~ -~~~.-~~~~~~~~~~~~~~~ - ---~~~~~ -~~~~~~~~_ _ _ _ _ _ _ _ _ _ _
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U p 2 /2y 0m4iP0 (r)+y
0mc 2 

, (11 )

where

(12)-

is the “envelope func tion ”, and

4 2 1/2
y(r)mc 2 {m2c +[c P0/r+(e/c)A0(r)]

2} , (13)

is the electron energy associated wi th  the azimuthal  motion. ~oreover ,

ó .~0
(r) is defined by ó ct’0

( r ) =~ 0(r)—4 0. and y0mc
2
=-y(r=R

0
)mc

2 
is the azimuthal

electron energy at r=R0. The envelope function ~0
(r) can be further

simp lified for a thin E—layer satisfying Eqs. (2) and (3) by Tay lor

expanding Eq. (12) about the mean radius R0. Reta in ing  terms to

quadratic order in

p r—R
0 , 

(14)

and ~~ king use of equ i l ib r ium radial  force  balance16”9 on an electron

fluid element at r=R0, we f ind

1 2 2  fm~0
(r )  = ‘

~~

‘ 

~~~~ ‘ 
(15)

where

(16)

is the radial betatron frequency, w
2=4icn°(R

0
)e
2
/y
0
m is the plasma

frequency—squared at r=R0, and w =eB
0
/y
0

mc is the electron cycl ot ron

frequency . [See Refs. 16 and 19 for a detailed discussion of Eq. (15)1.

Making use of Eqs. (11) and (15) , several interesting properties

can be deduced for the class of thin E—layer equilibria descr ibed by

Eq. (8). For example , it is straightforward to show that the electron

- - ~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _
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density profile can be expressed as

nO (r )~ J d
3p f O ( H p  

~~~~~~~ 
~~~~~ ~(a

2
-p
2
) , ( 17)

where

a [2(~~~ 0
)c2/y 0w~~]

h / 2  (18)

is the half—thickness of the E—lay er. In obtaining Eq.  (17) , use

has been made of (3/3p 0
)P
~~

r and the identity

‘0 
dx(~~

2_x 2 ) 1/2 ,2 . (19)

Since the E—layer is assumed to be t h i n , we approx imate  R0!r~~1 in

Eq. (17), and the electron density profile reduces to

n o , r—R 0 <a
O ( )  (20)
e 0 , otherwise

Moreover, it is strai ghtforward to show that the axial electron

temperature profile can be expressed as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~
2 / 3y 0

m const . , (21)

for ) r—R 0 ka .  The electron d e n s i t y  and axial  t e m p e r a t u r e -  p r o f i l es  are

i l lustrated in Fig. 2 . Evident ly , the equil ibr ium, d i s t r i b u t i o n

function in Eq. (8) corresponds [0 a sharp—bounda~y~ density profile

[Eq. (20)1 with uniform axial temperature [Eq . (21)].

Finally , we conclude this section by noting that the spread in

axial momentum in Eq. (8) yields a corresponding spread in total enet~ v

H. From Eqs. (10), (11), and (15), we exp ress

2 2

H y0mc
2 

- + + 
[2 y 0m + 

~O~~~r~~ ) 
( 2 ? )

- - —-— - - - - - 
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W i t h i n  t h e ’ con t ext e ’l E q .  ~, 2l  . i t  is v.el Id t o  . e p I m m c x t m _ c t e ’ 1- el . ( 2 2 1  t~v

H~~~mc -e )+P ’/2 ~0
rn . (1 11

It  is ev ident  I rem Eq.  (~. 1 th at 2 .\ is a m ea s u r e’ ot  t h e  t o t  ~e1 spread

En a x i al  moment urn. There f~’r ’  , I t e m  F q . (2  3- )  , t lie  t ot  at  t -n e r g v  sp ro.L l

can ht’ approximated by

,\ / 2 - e
0

mn , ( 2 . -cl  

~~~~~~ ---—-—----.--- - -
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III. ELECTROMAGNETIC STABILITY ANALYSIS

A. Linearized Vlasov—Maxwell Equations

- In this section , we examine the linearized Vlasov—Ma xwell

equa tions fo r per turbations about a th in  F—layer equilibrium described

by Eq. (8). To determine stability properties , we adop t a normal—

mode approach in which all perturbations are assumed to vary with time

according to

ó~~(~~,t)~~~(~ )exp{— iwt} ,

wi th Im~i~’O. Then the Maxwell equations for the perturbed electric

and magnetic fields become 16

I Vx E(x)  = i B(x)
• ‘~~~1~~ ’t~

(25)

Vx~~(x) = ~~~~
- J(x)  - i -

~~ ~~ (x) ,

where

v ~~ (x ,~~) (26)

is the per turbed curren t dens ity,  c

0 1 v’4(x ’) ~
= 01 dr exp {—i uy r ) ~ Q~’) + ~~~~~~~~~~ ~~~~~~ f~ ( 2 7 )

-a,

is the perturbed distribution function , and i~~t ’—t . l’o make the

theore t ica l  analysis t rac table , we Fourier  decompose the  0— and z—

dependence of all per tu rbed quantities accord ing to

~~~~~~~Jd Q~~~~r )exp f 0 + k z ) )  , (2 8 )

where k is the axial wavenumber and I is an in teger .  Mak ing  use c i  

~~ - -- — -  -~~~~~~~~~~~~~ -~~~~~~~~~~~~ - -- ~~~-— :~
_ 

~~~~ -- -~~~~~~~~~ -
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Eqs . ( 2 )  and (28)  , It is t e a  I ght forwa e-d t o show t heat

:~r 
hi~~, k , r )  — 

~~ 
i”~~~

(
~~

) 4 

~~~~ 

i~~ , (k ~~u ) )  - ::‘ 1
~~ 1 t k .I~

l~ ~~ C~~)

wh et’ i i ’

I d )

and t hi t ’ I cune  t I en ~m ( r I Is d l i  uteui by

( I i )

h~
’qciat ten ( ,‘e) )  c,eet hi ’  e-~-qt u t -s~~i’d es

~- ~~~ (k ,il 
~~~~~~ [

~~~r l 

~ 
F I k .rl)

‘II I : 1  d c ’ ( l e t ’ F — I  a~~ t ’t , be’e .e i t s ~ ( l e e  port e t c  hod ,e: imiet hi,e I e ’uT i i ’uit t i t te: ;  It v

.1 1 ~ k , e I 0 I n  I l i t ’  v: ettI uett re’s  i en .

(‘ l i t ’  p e ’i’t tirhi ’d :I~~ i . e I  t i i t l  a: t n i c i t  c c l  t ’l e e t  m c  I l e ’ l e I ~ I F , , I k  • ul  ,Il i tt
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Fou rier—decomposing the perturbed fields in Eq. (25), we obtain

~~0 (k , r) — — 

~~~~~~~~ 

~~~~~~~~~ + 
~‘i ~~~~~~~~~~~~~ 

( 4 0)

in the vacuum region. Since ~10
(k , r ) is con t inuous  ac ross the  beam

bou ndaries and approximatel y constant within the beam (E q. (36) ] ,

it is s t raigh t fo rwrad  to show from Eq.  (40) t ha t

i -j~~
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
2 R 1 ( 4 1 )

S u b s t i t u t i n g  Eqs. (33) and ( 37) in to  Eq.  (41) , and making use of Eq .

(35), we find

(d +d+)~ 1~
(k ,Ro) = -i ~~~~ ~ (w) ~~(R ~ ) . (42 )

A f t e r  some simp le al gebraic man ipu la t ion  that  makes use of Eqs.  (39)

and ( 4 2 ) ,  the  func t ion  t~ (R 0) can be expressed as

2ir -- - -  gx (w) = 1 , (43)

U
where the geometric factor g is defined by

22 w ’/ c  k ‘
~I2 b + b  d +d
J 

‘ (44 )
p - +  - +

Evidently , an evaluat ion of the effective susceptibilit y \(w) Is

requi red for a detailed stability analysis.

B. E f f e c t i v e  Su~~~~p,t i b i l i tv

In this section , we evaluate th e pe r tu rbed  a z i m u t h a l c u r r e n t

density, and the effective susceptibilit y \(t~t)  defined In Eq. (34).

U



I C )

From t hi e ’ Maxwe ’ I I  e’qua t ion ~~~~~ ~~) I (ia/c) ~(~~) , We- c ’ h t t  . e c n

) — ~ B 11 (k , r ) _ — I k t  ( r )

K ( k , r )  + ~ B (k , t )  — — 4i~ r) .c r I i ’ i r

I uec ’c’ tht’ y ige ’u i  I rt’que’uicv I c i i  I I l e ~ I e e ’ e . c  t I Vc—III . tss lu st ~ub f l i t  V I - . g m V . 11

.Ip~lri,x I mat  o lv by - i , t or V0 ( t ) ~O , acid s In- c the t ii t o  kuie ’ss o f  F

l .~ve ’i Is much s m e l  h e r  t h a n  i t s  ma h e r  r a i l  i i i : : , Eq.  ( 4 ’ )  (‘an hi ’ ,l~i j m  ix 1 : 1 , 1  i’d

by

(k .t l— ~ v ‘ i I I I ~~ 4 , k , I 4 ( r)

t i

r~~~ 
r 1 + ‘c B 

- ~k . r) --(~+/ : le l~ i r )

Af ter some’ st r.e i ghi t I cu-ward ;el g i h u  .1 t h a t  make ’s e lse  o f  h I s .  ( 2 i  ) ; e ucd

(‘~~
) , we o b t a i n

f
1
(x,~ )-e J d~ C X p {- I ~~~l ‘

~~~(~~~
‘
~~ ‘ :~ 

f°(H ,P ,P
~

I , (~~~‘)

where ~(~ )—~ (r)exp{i(e+i+kz)}, and l eading—order teems have been

retai ned [see Eq. (35)]. FourIer decompos ing Eq. (47) -ic ’e’t’rding to

Eq. (28) and m a k i n g  u se - of the  a p p t o x l m a r i o n  j i ( r )~~~(R 0) ( i - q .  ~ +6)1,

the perturbed distribution [unction can he expressed as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , ( 4~~I

where the orb I t  i nte ’gra I i d ‘t I neil 1w

‘1 dl exp I c F~ ( ; i ’ — : i) I k (  ‘ — X I  -c t  I I  -

As m d  tented In Eq. (69) • the ’ p c r 1  l i l t ’  t r aj  ee’terleu-. ii ’ ( i )  and
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Eq. (17) into Eq. ( 4 ) .  Within  the context of Eq. ( 2 ) ,  we obt ain the

approximate  result Ne
s4 ’IT an0R0. El iminat ing n0 in favor of N in

Eq. (54) and substituting Eq. (54) into Eq. (34) gives

2 2 2 2N e u lii —k
x(u) — —- 

2 2 2 2  2 2 (55)
2~y0mR0 (u—Ru ) —k ~ /y

0m

Equation (55) is used In Sec. IV to comple te the stability ana l ysis.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _ _ _
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IV . NEGATIVE-MASS STABILITY PROPERTIES

Subst i tu t ing Eq. (55) into Eq. (43) and making use of Eq. (24)

and the definition of Budker ’s parameter , v’.N e2/mc 2, the dispersion

relation for the negative—mass instability can be expressed as

2 2 ( gw
(u— Rut ) — — ~~ [.-

~

._ —s- (j i Z  — k R
0

) — 2k R0 2
0 10

mc

for  1<i<R 0/a . In Eq. ( 5~~, g is the geometr ic  fac tor  defined in

Eq. (44), ~E A 2/2’y0m is the energy spread [Eq . (2 1) 1,  and

[Eq . (5 1) ) .  It should be noted that  Eq. (56) is valid onl y when

W r 
[Eq. (35)]. The growth rate wf In~ and real oscillation

frequency 
~~~~~~ 

can be determined from Eq. ( 56) for a broad range of

larameters k , v/y 0 and c s ’~ E/y 0mc 2 , by solving nume r ica l ly the fu ll trans-

cendental dispersion relation . [Note that the geometric factor g in

Eq. (56) is generally a complicated funrtion of the complex eigen—

f reque ncy w . ]

For presen t purposes , to il lus t ra te  the influence of the axial

energy spread on the negative—mass instability, we calculate the no rmal-

[zed electric and magnetic wave admit tance s def i ned in Eqs. (A .3 )  and

(A.4)  by app roximat ing  w Zw in the expressions fo r  d 1 and h , . Fi gure

3 is a p lot of sunu of the wave admittances (b _ +b+) and (d +d+) versus

normalized axial wavenumber kR 0, for  t 6 , y~~S, a/R0 0.02 , T0
/R0”l.5

,

and T~~ O (no inner conductor) . In Fig. 3, the solid and broken curves

correspond to (b_+b+
) and (d_+d+

), respectivel y. Evidently (b_+b+) and

(d _+d+) are slowly varying f u nc t i on s of kR 0 
for the range O�kR 0~ 2 , where

the app roxima t ion w~ tut is ce r t a in l y v a l i d .  Nega t i ve—mass s t a b i l i t y

properties are illustrated in Figs . 4 and 5 for the range of axial wave—

numbers 0�kR0~
2. Generally speaking , the quantities (b _+b+) and (d_+d+)

_____________________________ ~~~~~~~~~~~~~
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either vanish or become infinite at certain values of k. [For example ,

from Fig. 3, (b
,,,
+b+
).0 at kR0~ 3.l , and (b _+b+

)
~~ 

at kR~~3.S. )

Normal mode. with axial wavenumber k for which (b _+b
÷
).+O or

are purel y t ransverse electric (TE) or transverse magnetic (TM)

waveguide modes , respectivel y . The dispersion relation [Eq . (56))

fo r the pu re l y  IF and TM modes w i l l  he investigated elsewhere.
18

Figure 4 shows a p l o t  ot  no rm a l i z ed grow th ra te  ui/ut versus

kR0 obta tn~ d f rom Eq. ( Sb)  fo r  f — O . l , v/y 0 0.02 , several values of

and pa rameters o the rwise s imi lar  to Fig. a . Two important

teature’s are’ eviden t fre’ni Fig. 4. Firs t , the axial energy spread

stahili.’es perturbations with axial wavenumher larger than a certain

crit ical v .cltie ’. For i’x :uitple , perturbations with kR
0
”l.0 3 are complet&’lv

st.ub i l l .~od by .u ..~ - energy spread (~~=0 .04 in F ig .  4) . Second , for  g iven

the ’ growth r.ct e- can he substant tall y reduced by increas ing

t he’ out ’ rgv spre-’.uJ. Those re ’s c u l t s  .cre cons i s t  ent w i t  hi recent experimental

ohservjt I outs by Pest It’ r e’ t ,il . who find that .i finite—length i- —

I .ev or  ( i n  wh feb k R 0 is ni ’ee ’ss.cr l i v  nonzero) is st ab le  wlwnever t h e

energy spre ad I s  lnc rcase ’d liv .c s u f f i ci en t  l v  large amount .

St .ch i l l  t v  h - iot u nda r  tes in t h e ’ I) ar .~m e te r  space (kR 0, .\I~/~ 0m c )

.u r o i l l  us t r a t  eel In  Fig .  . The so l i d  ciurves correspond t o  the s tahi  l i t  v

houndar I t ’s (~ ~~O) oh t al ned t roin F’q . (Sb I fo r  seve r.u I va lues  of \ i/ )  0

acid p.e r .u uTt i ’t e’r~ of l i t ’ ri. 1st ’ s im t l . u t  t o  F i g s .  1 antI 4 . For a given ~- .u h u t ’

of v/ ’~ 
~
, • t h e  roy ton of ~kR0 , A F ./ ”, 0me’ par aunt’ t or spat’ e above I i’e ccc rv e’

correspond~ t o  t .cI- i l i l t  v -:0) • whereas I lie ’ reg h u t  ot  par ame t or

- :j ’ .I e - t’ t ie  I ~ic. t ile ’ h I v e ’  cor  u i ’ s p ou i d s  t o  ins t at’ I l l  t v (~~‘ ‘0I . For : ; c u t  t t el ent lv

l~~ beaus dens i t  V ( ‘t ’/)~~~0 .01 e s .uv ’) 
, it is evident from Fig. S t h a t

the ~~~~~ t ‘ri is s i  ab l e ’ p r o v i d ed  kR~ ” I .und -‘ 0 .02 .  Ilt- iwe’vt’r , even for  low



beam densities, it is evident from Fig. S that long wavelength

perturbations with kR~~O .5 are not stabilized by an axial energy

spread , at least for the choice of d i s t r ibu t ion  funct ion  in Eq . (8) .

In this  r ega rd , we hasten to point out that hi gh—ha rmonic p er t u r —

bat ions  wi th  small axia l  wavenuniber can be stabilized by a spread in

canonical angular momentum. 16

We conclude this section by not ing that  s t ab il i t y  properties also

• exhibi t  a sensit ive dependence on the location of the conducting walls.
18

Moreover, the equilibrium and stability analysis presented here can

be extended in a straightforward manner to hollow electron beams

th at propagate along the z— ax is  w i t h  a nonzero axial ve loc i ty  V~~~~. 

-- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — — - -~~~ -- -~~~~ - - - -  
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V. SUMMARY AND C ON C I .U S 1 O N S

ln t h i s  paper , we have examined the  u nt lueu cct ’ o f ,cx Ia 1 e’ner~ v

spread on the negat lye—mass I ust .ct ~1 i i  t v  E u a rel at ivis t i c  tonneut i- il

F— lavc’ u - . The analy sis  was ca r r  i t ’d out wi ti c in the t rzcrnework - ‘t  a

I inear Ized \‘ I ,csov—Maxwel 1 t’qthc t l o u t .  The t’qu i i  ibritum Sec . II

ant i neg,c t  I ye—mass s tab  i i i  tv  ( S ee s . I l l and I V )  p r o p e r tI e s  ~,-ere

in~’es t igat  ed in t l et a l l  t e ’i t l ie elco i c e  of ~1 1st r ibu t  I on fun t ’ t lout

in w h i c h  .u l i  e l ect r on s  h ave’ thw same’ ~‘ a h t c e ’ of c anon ical  a n g u l a r  modno u c tu rn

.t s t e p —  I unet ion ~l i  s t i - i  l i n t  (t in il -c a x i a l  moment urn P. . ( E q .  ( S)

A ~t e t , u i h e d  nu m er l c .c l ~i i i a h v s i s  of  t h e ’ d i s p e r s i on  r e l a t i o n  [Eq . (Sti )

W,%s p resented  in See.  1 V . One t~~t~ t lie’ mc’s t Im p o r t an t  cone lccs ions

o t t h i s  st ccdv is t h a t  -in a x i  ~c 1 c h i t  r i ’v spread can have ~i i a rgo in  I I ue’n ee

out st a h H  U v  beh a v io r .  l i i  p a r t  i e ’ccla r , p t ’r t ur b a t  ion s w i t h  s t i f f ic  l e n t  Iv

I .c rgt’ .1 X I  a I way ecii i u uh oi’ (k I I c -an he coflip let e l v  st al’ il l  ze ch liv a sm a l l

. I X  i.i l t ’uce ’r gv sp i c i d  \ E ~ O. ~h ’I e o v e r , in t h e ’ special l i m i t i n g  cas ’ when

- ‘ 1= 0  and I . t h i t ’ st ah l 1 i t  v p r o p o r t  los a re ’ ~-oits 1st ou t  wi  t li  the rescil Is

p rev tons lv  oh ’ t .11 ned l iv B riggs ~cit ~l N e il 
14

F I n a i l  v , we’ e’mph.i I e t b.c t the  utum e i I c  ci ana l  vs is pre’sc’nt eel i n

Sec . I V  is based out th e’ isscclnp t I C - i l l  t h a t  the geeirne t ri~- I acto r  g is  ,c

s low v. urv  lug t une t ion ot k . A.l though t i t  Is is a u- e.cs~’n.ch’ he app rox (mat ion

or 1)- L~ 1~ 
2 1- i g . I ,  We exp ect  s i g n i f i c a n t  mod i f !  cat  louts to t hie ’ stat ’ i l i t  V r

hehav I ~u r  w h t e n t - v e r  (h 4 h
+
) C I t  eur d +d

+
) c0~ The exe t a t  Ion o I I l- c u s v o  rst ’

e 1 oct u i c t. h +h 4 
) ~~) 1 int l  t r uu t ~ ~

‘ t ’ i~se magne t  I~ - (d +d+~ ~0 1 w. cve t ’u ide

‘iod~’s liv t hue utt ’gat I ye’ nt,isa i ~tst -i!~ i l i t  v i s ecc u ’re’nt l v  c inde r  In v e s t  i g a t  i o n .

_ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _  — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- ~~~~~~~~~~~~~
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‘ 
~ 1/2where the pr ime ( ‘)  deno tes  ( 1/ p ) ( d / d r ) ,  p ( / c ~~— k )  , and R

1
and R2 are the  in ner and outer radii of the E — l a y e r .  S imil a r l y ,

the magnetic wave admittances at the inner and outer boundaries of the

E—layer [Eq . (38)] can he expressed as

J .,(pR
2

)N~ (pT
0)—J

’(pT
0

) N ,(pR
2)b~ — — 

R 2p J~~(p R ,) N ’,(pT
0
)—J ’(pT

0
)N ~~(pR

2
) ‘

( A .4 )

~ J~~(p R
1) N ~~(pT 1) — J ’( p T 1) N (pR 1

)
b_ — -

~~

---

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
‘

where use has been made ct t h e boundary conditions L (a/~ r)~~, (k,r)) =

[(~I/~ r)B , (k ,r ) }  0.
T

C

L 
_ _ _ _ _ _ _ _ _  

~~~~~~~~
_ _ _  — -— ~~~_~~~~~~~~~~~~_~~~~~~~~
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FICURE CAPTIONS

Fig. 1 Equilibrium configuration and coordinate system.

Fig. 2 Electron d e n s i ty  (Eq . (20) 1 and ax~ a 1 temperature pr of i l es

[ Eq.  ( 2 1 ) 1.

Fig.  3 P lot  of sum of wave a d m i t  t.’inces (h +b
+

) and (d +d
+
)

(Append i x) versus nortuta l Izee l a x i a l  wavenumb er kR0, for

( 6 , 
~~~~~ 

a/R 0=0.02 , T0/R0=1.5 and T 1— 0 .

Ft g. 4 P1 cit eu u to r m al  i ~e’cI gr owt hi rate CC
1 
/0 , versus kR0 [Eq . ( ‘ i( u )  1

I or f=0. I , v/ ~ ~
-
~
0 .02 , autul se’vera I values of \E/~ 0

me’’ .

I’ar.cnieters ~urc ~i tlit’rwtse’ c-ii m l la r  to Fig .  3 .

Fi g. ~ Stah l 1 1t ~ ’ hotundaries [Eq . (5(i ) 1 iut t h e  pa rame te r  space’

(kR 0, .\t-~/~ 0
mt’2) for sever-ui val cues o I v/ )  

~ 
and paramete’rs

othe’ t~~i~~e’ simil ar to Figs . I antI 4.  
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